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APPLICATION OF HYDROSTATIC PRESSURE AND SHOCK WAVE DATA 
TO THE THE OR Y OF COHESION IN METALS 

E. S. FISHER; M. H. MANGHNANI, AND K. W. KATAl-iARA 

Hawaii Ills titute of Geophysics, Ulliversity of Haw aii 
HOIlO /U/U , Ha wai i 96822, US.A. 

The parameter Kt - dK/dP (where K 1s isoth ermal or ad iabatic bulk modulus)ls usefu l 1n 
analy~ing interatomic forces or interactions. A mode l I s presented th at Is useful in predict­
ing K values in certain close- packed and other metallic structures. K Is assumed to consist 
of t~o ~dditive components: KF' the free-electron Fermi gas component, and KSR. the inter­

atomic short-range r e pulsive component derived from 8 Born-Mayer approximation. At infinitely 
larg e molar volumes, only Kp 15 important a~d K' should approach a value of 5/3. With decreas­
ing molar volume, the KSR contribution of K increases thr ough the relation: K~R - KSR(B+I)I 
3KT , where KT is isoth e rmal bulk mo dulus, B is the "hardness " parameter in the Born-Mayer exp res­
sion for the energy of intera tomic r ep ulsion; and the r at io KSR/KT 1 s assumed to vary with 1/0. 
where Q. 1 s the initial mo lar volume. The K v a lu es from the ultrasonic and shock wave data for 
metals have been selectively used to compa re with the above mode l. It is shown th at the data for 
the close-packed metal st ructur es , h.c.p. a nd f.c.c., a r e reasonably consistent with the mode l, 
~hereas the limited data for b.c.c. transition metals indicate that K' for this group 1a 
iu{luenced by electron band structure and other contributions to the elastic moduli. 

Introduction 

An analysis of the data for the 
pressure derivatives of bulk modulus, 
K' = dK/dP = ( aK / ap )T as P-+-O (K denotes 
both isoth er ma l and adiabat ic modulus), 
shows that for purely i onic solids the 
ultra sonic value of this parameter seldom 
varies from its range of 4 to 6, and that 
for a g iven s tructur e the parameter va lue 
shows no sys t ematic relationship to unit 
cell volume (for example, in alkali 
h a lides). In oxides and simple silicates, 
which are partly ionic and partly cova ­
l e nt, K ' tends to increase with decreasing 
density at constant mean atomic weight 
[1] . 

The conclusions reached from a Bor n 
model treatment of the data for ionic 
compounds of NaC l- struct ur e type (which 
include some oxid es ) a re that the varia­
tions of dK/dP are primarily a function of 
the repulsive parameter, n, which is 
derived from a l/rn type of int e ratomic 
repul sive potential [ 2 ] and whic h i s 
numerically related to the repulsive p a r a ­
meter, B, in the Bo rn-Mayer form of the 
potenti a l for ion-core interactions. 

In contrast to ionic solids, meta ls 
show a wider variation in values of dK/dP, 
ranging approximately from 3 to 7. In 
addition, the reported dK/dP va lu es for 
metals appear to increase co ntinuously 
with decreasing molar volum e ( see Figure 
1). The purpose of this paper is to s how 
that most of the data are ind eed consis­
t e nt with a model for the bulk mod ulus 
which contains two components: a free 

' electron Fermi gas component, and a Born­
Mayer interatomic repulsive component. 
This simple tr eatment shows that the two­
component mode l i s a r easonab ly good 
physical mod e l for th e cohesive forces 
in f.c.c. and h.c.p. metals, but may not 
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be valid for the b.c.c. tran s ition metals 
where the electron band s tructure energy 
~akes an important contribution to the 
e l astic moduli. 

Data 

The val u es of K~ = dKT/dP that we have 
used in this study and which are plotte d 
in Fi g ure 1 were obtained from direct 
ul tr aso nic measurements that appear in the 
literature [3-13) or from recent unpub ­
lished me as ur emen t s as noted in Tab l e 1. 
In this survey we wer e somewhat se le ctive 
and did not include al l the unpublished 
values . Excluded are certain f . c . c . 
metals (for example, Zn, Cd, and Pb) with 
very high K' values. These metals have 
high com pressibility, a nd it is r e g arded 
that anoma lous properties and experimenta l 
errors may h ave contributed to atypica l 
K' values. 

In addition to the ultrasonic data, we 
have relied to some extent on K~ values 
derived from shock wave data uS1ng the 
second order Birch-Murnaghan equatio n 
[13] : 

P 3 (n 7 / 3 _n S13 ) [1 + 3 
(K; - 4) 

2KT 4 
0 

(n 2 / 3 ., 
-1) + ... .J (1) 

where KT 
o 

is th e initial bulk modu lus, P 

i s th e hydrostatic pressure, and n = 

v(a)/V(p) is the r a tio of initial volume 
at pressure P. Since KT is known, 

o 
3 K (713 P- Z T n 

o 
4 + ( 2 ) 

ca n be calc ulat ed a t each (P, n) point 
along the Hugoniot; the (P, n) point s 
along the Hu gonio t are sufficient l y c lose 
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Figure 1. K~ versus lIn. for h.e.p •• f.e.c .• and b . c.c. metals . 

Table 1 

Values of dKs/dP and dKT/dP derived 

froQ the hydros tati c pre s sure derivatives of the 
elastic constants of h.c.p . and f.c.c. metals 

(in order of d e creasing molar volume) 

Molar 
volume , 

Metal Structure cm 3 dKs/dP dKT/dP References 

Cd h.c.p . 19.94 3.32 "'3.32 [ 3] 

Dy h.c.p. 18.99 3.21 3.23 [ 3] 

Er h.c.p. 18.46 3.30 3.26 [3J 

Zr h.c.p . 14.02 4.0S 4.11 [4 J 

Mg h . c.p . 14.00 4.06 4.16 [5J 

Hf h.c.p. 13.45 4.03 a 4.04s 

Ti h.c.p. 10.63 4.31 4 . 35 [ 6] 

Ag f.c.c. 10.27 6.18 [71 

Au f.c.c. 10.22 6.43 [7J 

Al f.c.c. 10.00 5.19 5.31 [5J 

Pd f.c.c. S.SS 5 . 42 [9 J 

Re h.c.p. 8.86 5.43
b [8] 

Ru h.c.p. 8.lS 6.62
a 6.66 8 ,c 

Fe b.c.c. 7.09 5.97 [10] 

Cu f. c. c. 7.11 5.84 [ 11) 

Cu f.c.c. 7.11 5 . 59 (7) 

Hi f.c.c. 6.59 6.07 [12] 

8Unpublished. 

bdK_/dP value based on x-ray diffraction data is 2.43 ± 1.33 
1 

[ 18). 

cdKT/dP value calculated from x-ray diffraction data [19] is 

4.7 ± 2.2. 



to the isotherm for our purpose. In order 
to derive the most reproducible values of 
K~ pressure versus n values were obtained 
from shock wave velocity Us and particle 
velocity Up data (14-15] at pressures 
above 100 kbar using the relations, 

P POU U P s 
(3a) 

n = V(O) 
u s 

V(P) u -U s p 
(3b) 

The general procedure involved calculating 
K~ as a function of pressure for a given 
element and selecting only those data where 
the values of K~ did not vary by more than 
10 per cent over those calculated from at 
least six consecutive (P,n) points. The 
occurrence of pressure-induc~d phase tran­
sition at relatively intermediate pressures 
is well established [15-17) for the metals 
Ti, Zr, and Hf. ~lcQueen et a1. [15) esti­
mate that the phase transiti~ pressure 
for the three metals is 175, 260, and 400 
kbar respectively. The phenom e non is 
revealed in Table 2, where the computed K~ 
values are given for Ti. The first two 
higher measurements at P = 190 kbar when 
combined with the values at lower pressures 
give a simple average K~ = 4.58, whereas 
the third 190 kbar measurement when com­
bined with all the measurements at higher 
pre ss ures gives K ' = 3.34. The lower­
pressure value (4~58), plotted in Figure 
1, is presumed to be that for the h.c.p. 
n phase, whereas the higher-pressure value 
(3.34) evidently corresponds to the w 
phase. 

'i'able 2 

Computed values of KT as a function of pressure 

for the metal Ti using shock wave data [14-151 

p. kbar 

130 

140 

150 

160 

190 

190 

190 

200 

270 

320 

370 

370 

440 

460 

500 

520 

700 

730 

880 

1010 

1170 

K' 
T 

4.
34l 4.97 

5.25 

'''J 4.45 

4.38 

3.23 

3.43 

3.18 

3.32 

3.39 

3.21 

3.43 

3.38 

3.48 

3.43 

3.36 

3.45 

3.27 

3.38 

3.38 

hoc.e. a phase 

average value of 

K' -4.58 
T 

w phase 

average value of 

KT -3.34 
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It may be noted that no K' value is 
given in Table 3 for Zr as evaluated from 
the shock wave d a ta (14-15) . O~ly those 
metals for which the computed KT values 
were reasonably consistent over a wide 
range of pressures well below the known 
phase transition s are included. In this 
respect, the Zr data were too widely scat­
tered to be useful. The n -+ w transition in 
Zr is now considered to occur at much 
low er pressures, at ~3 0 kbar (17] . A com­
parison of ultrasonic and shock wave K' 
values for Hf, Ti, Ag, Au, Re, Pd, and Cu 
(Table 3) shows that agreement is fairly 
good between the two considering the 
uncert~inties and errors involved in eval­
uating the shock wave data. 

Metal 

Th 

Hf
a 

Tib 

Ag 

Au 

At 

Pc 

Pd 

Re 

Ir 

Rh 

Cu 

Table 3 

Average values of dKT/dP for f.c.c. and hoc.p. 
metals derived from shock wave data [14-15], 

as fitted to Birch-Murnaghan equation of state 

Molar 
vo lume) 

cm 3 

dKT/dP 
(shock 
wave) 

19.79 3.31 

13.45 4.13 

10.63 4.58 

10 . 27 6.78 

10.25 6.39 

10.00 4.98 

9.10 5.31 

8.68 5.94 

8.86 4.96 

8.55 4.90 

8.30 5.30 

7.11 5.53 

dKS/dP 
(ultrasonic) 

4.03 

4.31 

6.18 

5.19 

5.59 

afrom data below 460 kbar 

b from data below 190 kbar 

dKT/dP 
(ultrasonic) 

1 •. 04 

4 . 35 

5.31 

5.42 

5.43 

Table 4 gives the values of K~ for 
the b.c.c. transition metals, as eval­
uated from the shock wave data [14-15] 
in the manner discussed above. Our 
recently determined value of K~ = 4.03 
from ultrasonic measurements for Nb 
provides further confidence in the relia­
bflity of the models used and the derived 
KT values shown in Table 4 as well as in 
Figure 1. 

Discussion of Results 

Figure 1 is a plot of K~ versus Ilno 
(where no is the initial molar volume) 
for the metals listed in Tables 1, 3, and 
4. Wherever K~ values were not available, 
the K' values were used (no serious error 
is in~olved in this since K' ~ K'). The 

T s 
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Table 4 

Average values of Ki for h.c.c. tr ansition 

metals 8S derived from equation (1) 
using the shock wave data [14-15) 

Molar 
Metals volume, K' 

3 T 
eID 

Ta 10.8 4.10 

Nb 10.8 3.90 

\I 9.6 4.18 

Mo 9.4 4.32 

V 8.4 4.00 

I 
general trend is for KT to increase with 
decreasing Q. The data points of most of 
the f.c.c. a;d h.c.p. metals fall within 
+ 10 per cent of the straight line shown 
in Figure 1. Exceptions are Ag and Au, 
which are discussed later, and Ru. Recent 
work at the University of Hawaii indicates 
that the ultrasonic value of KT is subject 
to reexamination. Our analysis of the Ru 
high pressure x-ray data [9] gives Ki = 

4.7 + 2.2, which is more consistent with 
the ;ther data, but is still poorly deter­
mined. 

The general relation between Ki and 
Q. shown in Figure 1 can be understood 
from a relatively simple model originally 
proposed by Mott and Jones [20] for the 
bulk modulus of metals. This model con­
siders two contributions to KT : 

KT KF + KSR (4) 

where K is due to the volume dependence 
of the termi energy of the free electrons, 
and KSR represents a short-range repulsive 
interaction between ion cores . 

We assume a free electron gas model 
for the Fermi contribution. The bulk 
modulus of the electron gas is 

E 
K 1. 2. z* 

F 3 Q. 
(5) 

where Z* is the effective number of free 
electrons per atom, and EF is the Fermi 
energy which is proportional to Q~2/3 . 
Differentiating (5) with respect to 
pressure we get 

, 
KF 

dK
F 

dP 
5K F 
3KT 

(6) 

The short-range repulsive energy is 
assumed to be given by a Born-Mayer poten­
tial of the form 

W(r) A exp[-B(r/r O - 1)] (7) 

where A and B are material parameters 
and r is the interatomic separation . 
Fuchs [21] considered a central force 
model for the f.c.c. structure and found 
the short-range contribution to K to be 

2 2 
K ~ d W(r) 

S R 3Q. d r 2 
( 8) 

when only nearest neighbor interactions 
are taken into account . Since an atom 
has twelve nearest neighbors in both 
h. c.p . and f.c.c. structures, ( 8 ) should 
be a reasonable approximation for the 
h.c.p. me tals also. Now (7) and ( 8) can 
be combined to give 

2B2A 
KSR 3"S1 (9) 

and further differentiation with respect 
to pressure yields 

. 
KSR 

dK SR 
dP 

K SR 3K (B+I) 
T 

(10) 

Using (4), (6), (10), and the pres­
sure derivative of (4) we find 

I 

KT 
K 2. + SR (B-4) 

3 KT 3 
(ll) 

Equation (11) predicts that for very large 
Q. (when KSR 'VO), K' -+ 5/3. The straight 
line in Figure 1 waI in fact obtained by 
fixing the intercept at 5/3 and using the 
well defined cluster of rare earths (Gd, 
Dy, and Er) to determine the slope. The 
good agreement over the large range of Qo 
values indicates that K~ is linear in 
Q -1 and hence, from (11), and assuming 
B 'is roughly constant (a reasonable 
assumption), KSR/KT is approximately pro­
portional to Q -1. At higher Qo-I, 
KSR'V KT' and ~e might expect K~ to level 
off and become less dependent on Q. It 
may be noted here that a linear Ki

o
- Qo-l 

relationship is prob ably the simplest 
that is consistent with the data for 
close-packed metals, and it does not seem 
that a more sophisticated formula would 
be justified. 

In case of Au and Ag, the anisotropy 
in the Fermi surface may affect the KF 
term and thus produce a deviation from 
the first term (5/3) in equation (11). 
Such a conclusion is consistent with the 
calculation of Hsieh and Bolsaiti s [22]. 

Referring again to Figure 1, we find 
that the b.c.c. transition metals Ta, Nb, 
N, Mo, and V fall in a cluster of points 
below the straight line. The relatively 
small variation among the K~ values 
(3.90-4.32) is in contrast to the large 
rang e in the KT values (3 .23-6 .66) for 
the close-packed structures. This is not 
unexpected in view of the relatively 
greater influence of the electronic band 
structure on the elastic moduli for the 
b.c.c. metals [23]. Note also that the 
short range contribution must be 



significan tl y different from the cloge­
packed case because of the difference in 
n earest neighbors. 

Conclusions 

The main co ~ c lu sion based o n th e 
above study of ultrasonic and s hock wave 
data o n metals is that th e simple two­
compo n e nt mod e l predicts KT v a lues for 
certain metals quite well. The principal 
contribution to the th eo ry of int e ratomic 
repulsion is that KSR/KT seems to be a 
well behaved function of D.-l (i.e., 
KSR/KT ~ D.-I) i n cl o se-packed ( h.c.p. and 

f.c.c.) me tals. There may be, however, a 
critical interatomic s pa ci ng below which 
this relation would not hold. In the case 
of Au and Ag, the co ntribution of the 
aniso tropy of th e Fermi s urf ace to th e KF 
term may be involved a nd thus produce a 
d evia tion from t he first term (5/3) in 
eq uati on (11). 

On the b asis of th e limit ed dat a , 
the KSR/KT versus D.- l relation may not be 
valid for ·the b.c.c . t r ansition metals, 
where the electron b an d structu re e n erg y 
makes a n important cont ribut io n to the 
elastic moduli. 

Further expe rimenta l verification of 
th e K' values and other theoretical 
r~search on th e c lo se -p acke d a nd b. c.c . 
transition metals would prove to b e va lu­
able in understanding the partitioning 
of K' and K~R among the excep tion a l cases 
i n tKe close-packed structures and in 
clearer understanding of the co hesive 
forces in the b.c . c. meta ls. 
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